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The flow of an incompressible, viscous fluid past a sphere is considered for small
values of the Reynolds number. In particular the drag is found to be given by
D = Dg{1 +3R + {GR*(log B+ +§log 2 - §§3) + §5R* log R+ O(R?)},
where Dg is the Stokes drag, R is the Reynolds number and vy is Euler’s constant.

1. Introduction

This is a classical problem with an extensive literature. To obtain higher order
approximations beyond the first term given by Stokes (1851) is complicated by
the fact that an expansion in terms of the Reynolds number, for the flow in the
vieinity of the sphere, is not valid at large distances from the sphere. It has
therefore to be matched with a separate expansion which is calculated for the
‘outer’ flow. The technique was evolved by Kaplun (1957). It has since been used
by a number of investigators and is sufficiently well known not to require a
separate account here. For a good historical survey of the problem of slow flow
past a sphere, and a detailed description of the application of matched asymptotic
expansions, the reader is referred to the paper by Proudman & Pearson (1957)
who carried out the analysis as far as the term of order E?log R. The purpose of
this paper is simply to continue the analysis of Proudman & Pearson as far as the
term of order R3log K.

2. Basic equations

Let a be the radius of the sphere, and let U be the speed of the uniform stream-
ing motion at infinity, assumed to be parallel to the positive z axis of a system
of co-ordinates based on the centre of the sphere. The velocity field, UV, and
the space co-ordinates can then be non-dimensionalized with the aid of U and a
respectively, and the equations of motion will then be

VV-Vp =R(V.V)V, V.V =0, (2.1)
where pvUp/a is the pressure, B = Ua/v is the Reynolds number, p is the density

and v is the kinematic viscosity. Alternatively one can express the governing
equation in terms of a non-dimensional stream function ¢. This takes the form

1o(y, D¥r) 2 1
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where (r, &) are polar co-ordinates, y = cos 0 and

R 1-pt P
D= ot (2.3)

p 0 1o
= —— 24
1—u2ér ropu (2.4)

3. The inner expansion
In terms of the stream function, the inner expansion is found to be of the
form Y = Yo+ By + R?log Ryryr + Ry + R2log Ry + R3rg+ ... (3.1)

Given the form of the expansion, the various terms can be obtained by substitu-
tion of the series in (2.2) and integration of the resulting set of linear equations.
One then finds that

zp(,:—%(zrz 3r 4 )Ql( )s (3.2)
1/r1=—13—6(2r2 3r+ )Ql() 36(27'2 3r+]——+ )Qz (3.3)
¢r2,‘=—§6(2r2 3r+ )Ql(ﬂ) (3.4)

3 Cq 3 3logr 3
1/f2=—E(017'2+027'+‘”‘73+37210gr+ﬁ 5r 1672 407.3)Q1()

9 (c, c8 S 432 1lr 1 4dlogr 1 logr
+20( 9120 T 24 3V 5 tas T ) Gl (35
_alore_ 227 (g 11
27 2 d 3 2 9 9
Uy = 640 d,ri+d r+——(—c4—2)r —6rilogr+ (Scs—2)
6logr | 3 1 ki
S~ (oo 4) 5~ 73] Qa0+ E T Quli (37)
®
where Q)= | Bu)du (3.8)

-1

and £, (u) is the Legendre polynomial of degree n. The precise form of the func-
tions 7},(r) in ¢ is not required.t For reference purposes we note that

Q= (F-1)[2, Q@ =pu*~1)/2, Q= (u-1)(5u2—-1)/8. (3.9)

The integration of the various equations for the ¢,’s involves arbitrary con-
stants in the complementary function, which are to be determined by the inner

boundary conditions Y=oylor=0 on r=1, (3.10)

1 The expression for i, quoted by Proudman & Pearson (1957) is not correct.
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and by appropriate matching with the outer solution. These constants are left
undetermined in ,, {57 and ¥,;. The calculation of i, ¥; and ¥, has, however,
already been discussed by Proudman & Pearson (1957) and these are quoted here
in their final form with all the constants determined. These final forms have
also been used to obtain the above expressions for ,, ¥y, and ;.

Briefly /, is the Stokes solution and is completely determined by the boundary
conditions at r = 1 and the fact that it must match with a uniform stream at
infinity. The next term in the outer solution is then obtained by matching with .
This in turn serves to determine ¥, and gives (3.3). To determine ,;, Proudman
& Pearson argue that a term such as R%*2logr@),, which appears in ¥,, can arise
in the outer solution only from the combination R%*?log (Rr)@, (or p?logp@Q,
when expressed in terms of the outer variable p = Rr). Thusif a matching between
the inner and outer solution is to be possible, i,; is required in order to combine
suitably with the term — (972logrQ,)/40 of ¥,. In the next section the actual
expression for the outer solution is given and the matching with ,, can then be
checked directly.

4. The outer solution

The expansion for the velocity field in the outer solution is assumed to be of

the form )
V=i+V,+V,+..., (4.1)

where i is the unit vector parallel to the x axis, and V, satisfies the Oseen equations
Lamb 1932
( ) .

V2V1—R~ahz‘—vp1 = 0, VVI = 0. (42)

The solution has been discussed by Proudman & Pearson (1957) and will be
quoted below.
The next term V, satisfies the equations

V2V2—R%—Vp2 — R(V,.V)V,, V.V,=o0. (4.3)

If V, is expressed in terms of a vector potential, such that
V,=RVAA,, (4.4)
then the equation to be satisfied by A, is

Ve (V2—Ra%) A, =VAV,A(VAV)}=F, (say), (4.5)

and it may be verified that a particular solution is such that
Ag = Ay — Ap, (4.6)

0
where Ra% (VZ—R%) A, =F, Ré;CVZA22 = K. (4.7)

48 Fluid Mech. 37
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oA, 1 1 —exp [3R(x — =z, — |r—ry|)]dr,
Hence a—x = mfffFl(rl) |r~r1| , (4.8)
1 FR(e—n|~z+z) ] . g—a
A2 = — mfff Fl(rl) fo « da dl‘l. (4.9)
Now it can easily be shown that
F, = R, (4.10)

where i, is a unit vector in the direction defined by an angular increase about
the z axis. It follows that

© T 2w
A, = Ay, = —i¢ﬁfo rgdrlfo sinHldﬁlfo cos ¢, d,

7 FR(@+r:— 2trr)i+rico86,—7rco86) | o p—at
X T
1( 1' V1 o

da], (4.11)

where t = cos 0 cos 0, +sin fsin 6, cos ¢. (4.12)
Finally, it is noted that the stream function associated with A, is simply
Rrsin0A4,.

The above equations contain all the information required to calculate the
first three terms of the outer solution. We follow Proudman & Pearson and
express the result in terms of the stream function and outer variable p = Rr. Then

RYr =¥ =Wy(p, u) + BY,(p, p) + B o(p, ) + ..., (4.13)
where Yo = 3031 — p?) = FR>3(1 —pu?), (4.14)
W)= —3(1+p) (1—etp0-0) = —3Rr(1 - p?)
+ Pl (1 —p?) (1 — p) — 5 B33 (1 — ) 1 — )2+ ..., (4.15)
¥, = C(1+p) (1—e 31—y + psin 04,
= 1CRr(1— p2) — LORW2(1 — p2) (1 — p) + S5 Rraw(1 — ) + 25 R*r%(1 — u2)
x{2log (Rr)+2y+3log 2 — ;45— 2u+123(5u2— 1)} + ... (4.16)

and v is Euler’s constant.

The first term, ¥, is the stream function for a uniform stream and it is noted
that it matches, as it should, with the leading term, for large , of ¢,. The second
term in the outer solution, ¥, is the stream function for a solution of the Oseen
equations (4.2), In the strict application of the matching procedure, the constant
of proportionality (— ) is chosen so that the leading term in the expansion of ¥,
for small p matches with the second term of ir;, namely 3r7Q;(x)/2. The next
term YV, is a combination of the special solution obtained from 4, and a com-
plementary function. It turns out that the term displayed in (4.16) is a sufficient
contribution from the complementary function, with a suitable value for ¢
obtained from matching. For this purpose the expansion of 4, for small p is
required. Only the final result is quoted above. Some of the steps in the calcula-
tion are given in § 5. The final result has been checked independently by the two
authors.
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In the expansions of ¥, ¥,, ¥, in (4.14) (4.15), (4.16) all the terms which
make a contribution to i of order R? or larger are displayed. All these must be
matched with corresponding terms in the inner solution. We note first that the
expression for ¥,;, quoted from Proudman & Pearson, does in fact check with the
term of order R?log R which arises in the outer solution through ¥',. Next the
constant C of ¥, is chosen so that the contribution CRr(1 — u?)/2 to ¢ from ¥,
matches with the term 9Rr@,(4)/16 of Ry, in the inner solution. This gives

With this value of C, the rest of the terms in the outer solution can be matched
with a suitable choice of the constants ¢, and ¢, of i, (equation (3.5)). Comparison
of the appropriate terms in the inner and outer expansions shows that

3c,/80 = {5[2y +3log2—T47 4+ 27, (4.18)
— 270,/64 = — ;. (4.19)

The remaining constants in i, namely c,, ¢,, ¢5, ¢q, 5, C, then follow from the
boundary conditions i = &y/or = 0 on r = 1. The final results are

¢, =3y+5log2—§%, ¢, =—3{3y+5log2—18L1, = }{3y+5log2— 147
(4 20)
¢i=—37 C=3%h C¢=—1p (4.21)
C; = 3350) Cs = To080" (4.22)

This completes the inner solution as far as yr,. To proceed further we first con-
sider those terms of the inner expansion which involve log R when expressed as
a function of the outer variable. The significant terms are, from (3.4)-(3.7),

[—d5R%log R(2r2— 3r) — 25 R*%log r + 2d R3log Rr? — 2l R3r2log r] @, ()
+55 3 log Rr2Q,(u), (4.23)
= —750*1og pQy (1) + Rlog R(550 + 2dp* + 3550 @u(w)
+ 5ol log Bp?Qy(p) + O(R), (4.24)

when expressed as a function of the outer variable. The first term is already
matched with a corresponding term in ¥',. The matching can be continued if the
next term in the outer expansion is of the form R:logRY,;, where ¥, is
derived from the Oseen equations. It is in fact sufficient to choose the expression

lP‘3L = N(l +/,L) {1 —e_%P(l—l‘)}
= $Np(1—p?) ~ §Np*(1—p?) (1 —p) +

= — (Np—3Np® Qy(1)— NP*Qu(p) + ... (4.25)
The matching is then assured by the choice
N=-321 d=—2%, (4.26)

which determines yr;; and completes the analysis for both the inner and outer
expansions.
48-2
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5. The evaluation of ¥,

In equation (4.16) an expression for ¥, to order R? was quoted. For complete-
ness, some of the steps in the evaluation of this expression are now given.
That part of ¥'; which is derived directly from A4, is, from (4.11),

rsmﬁf 7'1d7'1f sin 0, dO f cos ¢, dg,

JH}R{ (12 ra— 2lrr)t+r cos 0, —reos ) | _ e

x [Fl(rl, 0,) doc] ,  (58.1)

where t = cos @ cosf, +sin Gsin 6, cos ¢, (5.2)

0

and
Fi(r,0)ig = VA{V.A (VAV}

R 1 6
E(r,0) = ——smﬁ[e ’-'Rr(l—c°“">=2r (1—cosB)+ ﬁ(3—cos0)+ﬁﬁ:

R 6
_ p—Rr(1——cos 6)
e {2 (3+cos )+ (3+cos0) Brs }] (5.3)

6 cos 6 4R (5+6coslf—19cos?d)+ O(Rz)]

= 2gind [ (5.4)
To evaluate (5.1) the range of integration for r; is split into the two intervals

0<r, <kandk <7 < oo, where k is a constant such that £ > 1, Rk < 1. The

expressmn may then be written, with sufficient accuracy, in the form

R . k s ™ 2m
- sin? Ofo r3 drlf sin2 6, dﬁlf sin? ¢, dg,

” [( Fi(r,0,)

rogr? ‘?lrr {1 — LRr[(r2+72 — 2trr))¥ + 7, cos O, — 7 cos 0]}]

2302 " "
r2sin ﬁf r d’lf (1 —cos#,) dﬁlf sin® ¢, dg,
47 k 0 0
X [Fl(h, 01) {1 - 6"%R71(1+COS 01)}]' (5.5)

To calculate the first term the approximate expression for F, given in (5.4), is
used. The result is

Sy Rrsin? 6 cos 0 — Fx R*%sin? 6{% log (k/r) + £35 + § cos 0 — 122 cos? 0} + O(R3).
(5.6)
Evaluation of the second term gives

T R%2sin? 0{Z log (kR) + 2y + 3log 2 — 122} 4 O(R3)
and the combined contribution to ¥, is therefore

s Rrsin®6 cos 6 + #5R%?sin% 6

x {2log (Rr)+ %y +3log 2 — 1823 — 2 cos O + 122 cos2 0} + O(R3).  (5.7)



Flow past a sphere at low Reynolds number 757

6. The drag on the sphere

The result of primary interest is the drag on the sphere. This is evaluated as
follows.

Let o,, and 0,4 be the non-dimensional tangential and normal stress com-
ponents on the surface of the sphere, then the drag is given by

D = 2mpvalU fﬂ (0,,c08 0 — 07,4810 0) r28in 6 d0
0

" 20V, o, V, 1oV
=1 ¥ Y .
3D8f0 {( a) cos f— (ar += ae)smﬁ}rsmﬁdﬁ (6.1)

where the integral is to be evaluated at » = 1. This can be simplified, with the
help of the boundary conditions to be satisfied at the surface of the sphere, to

D= %Dsfo { —pcosf+ 816} sin 6d6. (6.2)

The pressure can be determined, to within a constant which will not contribute

to the drag, from the tangential component of the equation of motion

oV, VoV, WV,  lep 1
VerTraoty — ragTrae)

1 @ oy 20V, ¥, -
T Tsmoo0 (Sl 686) a0 " st (6-3)
On the surface of the sphere this gives
op & .
P i 87‘2( r¥;), (6.4)
%y do
or P=Po= _f (W)Tzlsinﬁ' (6-5)
Now the inner expansion for ¥ can be written in the form
V= 3 ) Qulu). (6.6)

It follows, from (6.5) and (6.2), that

P—po = (3;?; ) B J' Q) dp _ % (3;;I;n)r=lnpn(/t) 6T

(n+1)
© (1 (D /LP() LD }
_1 n n n
D=1Ds X {w nnt 1) o2 onl
_1p ai_q’l_?@)
oS \ors ot ),

With the help of (6.8) and the inner expansion, the drag is easily calculated.
The result is

D =Dg{1+3B+ 2R {log R+y+3log2—323} + 22R3log R+ O(R3)}, (6.9)

(6.8)
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where Dy is the drag according to the Stokes solution, namely
Dg = b6mpval. (6.10)

Figure 1 gives the theoretical results for 0 < R < 1, together with the experi-
mental measurements of Maxworthy (1965). The various curves show the effect

05 /
(3)
0-4
@
1)
Q| . 03
S
Q / AZ)
02 é /I
/ f
01 ///l//
02 0-4 0-6 0-8
R
Ficure 1. Experiment: I, Maxworthy (1965). Theory:
D—-D 3R D—-D 3R 9
s _ =, 9 s 20 Y b ;
D, 8 @)~ 3 tgp ek
D-D, 3R 9
(3) . =% +ER2 [log B+ 7y +§log2—-$43];
D-D, 3R 9
(4) - =8 T10 R[logR+7y+% log2 — 32314+ %47 R*log R.

of successive addition of a further term in the expansion. The conclusion seems
to be that the expansion is of practical value only in the limited range

0K R<O05
and that in this range there is little point in continuing the expansion further.
Orne of us (D. R. B.) would like to thank the Canadian Mathematical Congress

for a summer research grant which was of great assistance during the investigation
of this problem.



Flow past a sphere at low Reynolds number 759

Appendix. Modified computation of the drag coefficient of a sphere
By IaN ProUDMAN, University of Essex

The calculation by Professors Chester and Breach of the term of order R in the
expansion of the drag coefficient D for a sphere at small values of R represents the
first useful extension of the work of Oseen, since the earlier calculation of the
term of order Elog R by Proudman & Pearson (1957) was virtually useless with-
out the accompanying.term of order R. It is therefore particularly disappointing
that the numerical ‘convergence’ of the expansion is so poor, and such as to
limit its utility to the range B < }. The poor convergence is also rather surprising.
One would not have expected any dynamical phenomena to develop in, say, the
the range 1 < R < 10, which were not approximately represented by the first
few corrections to Stokes’s solution for the flow; a view supported by observation
at least at the lower end of the range, where measured values of the drag co-
efficient are in excess of Stokes’s values by only 259, or so.

It seems likely, therefore, that the poor convergence of the expansion (6.9)
may, in part at least, be due to the unsuitability of the function D for expansion
in terms of R. The general nature of this function is known from observation
over the whole range of Reynolds numbers for which the flow is laminar, and is
such that d(log D)/d(log R) increases monotonically from its value —1 at B = 0,
Because of the onset of turbulence, the asymptotic value of this parameter,
as R — oo, for steady flow is not known from observation; but it is presumably
not positive, and, from arguments based on boundary-layer theory, not less
than —1.

This behaviour suggests that a more appropriate form of presentation of
results for D might be

R=€(D/Ds)m7 (l)
DD = f,(€), (2)

where m is a constant, and ¢ is a new expansion parameter defined by (1). From
equation (6.9), the expansion of f,(¢) for small values of € is

Fale) ~ 13— oe¥loge+y + log 2~ 348 + m) — Zedlog e+ O(e).  (3)

If a large number of terms of (3) were available, it would be appropriate to
attempt a prediction of D for all Reynolds numbers by basing the choice of m
on the asymptotic behaviour of D as R - co. Thus, if D oc R~m-Dim g5 R — o0,
then e — constant = ¢,, as B - oo, where ¢, is given by the first zero of f,,(¢). Thus,
the expansion (3) would be relevant only in the finite range (0, ¢, ), and, although
one could not expect to determine the analytic behaviour of f,,(¢) in the neigh-
bourhood of ¢, (corresponding to the asymptotic expansion of D for large R),
one might reasonably expect to obtain an estimate of the location of this zero
(thus determining the coefficient of R—(m-1im)  Tn this context, the cases m = 1
and m = 2 are of special interest, since they correspond to the asymptotic be-
haviours D — constant and D oc B3, respectively.
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Unfortunately, the small number of known terms of (3) makes such an attempt
over ambitious. In this case, the best results at small and moderate Reynolds
numbers are to be expected from a choice of m which corresponds to an asymptotic
(for large R) behaviour somewhat closer to Stokes’s law. This corresponds to
m > 2.

Ficure 2. Modified computation of the drag coefficient. , based on all known terms
of (3); ~———— , based on first two terms of (3); O, Chester & Breach; @, points at which
€ = }; I, measurements by Maxworthy (1965).

The function f,,(¢) was computed from (3) for several values of m, and the
corresponding results for the drag coefficient are shown in the accompanying
figure. Some idea of the convergence of the expansion is given by the points (@)
at which ¢ = , and by the broken curve, which, for m = 4, represents the effect
of taking only the linear (Oseen) terms in (3). Agreement with the observations
of Maxworthy (1965) is clearly best for a value of m close to 4, and is then fairly
good.
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